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A system of postulates of non-local macroscopic phenomological hydrodynamics is proposed based on the results of the microscopic
theory previously obtained. Space time non-locality holds in the material relations of the theory. The implementation of an
axiomatic scheme is presented for the case of a multicomponent mixture with viscosity and thermal conduction. In this case, the
classical transport laws are obtained in the limit of long waves and slow processes. It is proved that, within the framework of
non-local hydrodynamics, it is possible to combine the dissipation and the finite velocity of propagation of a signal in a consistent
manner. A model functional form of the kernels is proposed which satisfies all the requirements of the theory. © 1999 Elsevier
Science Ltd. All rights reserved.

1. INTRODUCTION

The Chapman—-Enskog method [1-3] enables one, when there is a certain small parameter in the kinetic
equation (that is, in the equation for the one particle distribution function of the molecules of the
medium), to obtain a system of hydrodynamic equations and to derive, in the second order of
perturbation theory, the classical transport laws of Newton, Fourier and Fick. The equations of an ideal
medium are obtained in the first order of perturbation theory. Generalizations and modifications of
the Chapman-Enskog theory have been developed which are based on various assumptions regarding
the occurrence of small and large parameters in the kinetic equation as well as on various asymptotic
expansion schemes [4-6]. However, these methods do not work if there is no corresponding small or
large parameter. Furthermore, the question remains open as to whether a particular solution of the
kinetic problem corresponds to an arbitrary solution of the hydrodynamic problem.

It has recently been shown that, for a specified form of the sources or external forces, not only kinetic
theory [7-10] but also quantum and classical statistical mechanics are exactly equivalent to non-local
hydrodynamics [11-17]. A space-time non-locality arises in the material relations, that is, in the
expressions for the flows of the hydrodynamic quantities. This equivalence means that, in the case of
an arbitrary solution of the hydrodynamic problem, it is possible to reconstruct the corresponding process
in kinetics and in quantum and classical statistics. The relation of these last results to the Chapman-
Enskog results is the same as that between any exact theory and an asymptotic method: it is possible
to use the Chapman-Enskog asymptotic forms in non-local hydrodynamics and to obtain the classical
local transport laws.

Other approaches to the derivation of the equations of non-local hydrodynamics from the kinetic
equation or from the classical or quantum Liouville equation have been implemented [18-20). In this
case, the initial dynamical equations are taken in a form without external forces or sources. As was
shown in [17], this fact does not enable one to calculate the non-local material relations in a unique
manner. The authors were therefore forced to eliminate possible arbitrariness implicitly in a “by hands”
manner. The issue of the realizability of the inverse transition from, a hydrodynamic description to a
kinetic or statistical description was also not touched upon.

In this paper, the fundamental statements of non-local hydrodynamics, which are required to construct
models of continua and to solve actual problems in mechanics are systematized without recourse to
microscopic dynamical theories.

Since the non-locality which is being considered covers the case of temporal non-locality, that is,
heredity, the proposed theory has certain common features with rational mechanics [21-23], which
describes materials with complex rheology and heat conduction which are determined by the past history
of the deformations of a particle of the medium. Rational mechanics has the structure of an axiomatic
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theory without a connection with the laws of physics; the correctness of the theory must therefore be
verified experimentally for each actual material. In this respect, the following fundamental differences
exist between the theory proposed and the approach in [21-23]: (a) a spatial non-locality is included
in the treatment, (b) the theory encompasses all phenomena and processes in continua and not only
rheology and heat conduction, (c) the fundamental statements of non-local hydrodynamics are rigorously
proved in fundamental physics, that is, beyond the limits of what is properly classical mechanics.

Apart from rational mechanics, another phenomenological theory, which enables on to take account
of relaxation processes in a particle of a medium, known as extended thermodynamics [24], is being
developed. The fundamental idea behind this theory lies in the extension of the set of characteristics
of a particle of a medium for which a hierarchy of relaxation differential equations is written out.
Extended thermodynamics is formally and mathematically embedded in non-local hydrodynamics: it
corresponds to the special case when the Fourier images of the relaxation kernels in the material relations
have a discrete set of poles in the complex frequency plane. The opposite is not true, and non-local
hydrodynamic models with a continuous spectrum of relaxation times cannot be described within the
framework of extended thermodynamics.

Note that, in principle, non-local hydrodynamics can be constructed solely on the basis of the internal
laws of mechanics [25-27), as is the case for extended thermodynamics. However, significantly weaker
results are obtained when this is done.

A non-relativistic approximation is used below and, for simplicity, we do not touch upon questions
associated with boundary conditions: it is assumed that the medium occupies the whole space and that
a state of rest or equilibrium translational motion is realized at infinity. The Greek superscripts take
the values 0, 1, 2, 3, corresponding to a certain inertial measurement system x°, where x° is the time.
The Latin superscripts a, b, ¢, d take the values 1, 2, 3, corresponding to the spatial Cartesian coordinates.
Summation is carried out over repeated indices.

2. FUNDAMENTAL PROPOSITIONS

In hydrodynamic models, the complete system of governing equations has the form of local
conservation laws for certain mechanical quantities: energy, momentum and so on. Suppose that QY is
a complete set of densities of such quantities, which are assumed to be functionally independent.
Henceforth, the Latin subscnptsA B and C take the values 0, . . ., (N - 1), where N is the number of
independent conservation laws. At a fixed mstant of time, there is a set of distributions Q = Q4(*)
which, at infinity, tend to the constant values Q,m, which correspond to the equilibrium state of the
medium. We shall assume that deviations from equilibrium AQY = QY - QY are Lebesgue summable.

Deﬁmtton 1. We shall call the set of distributions Q4 = Q5(#) the mstantaneous state of the medium.
The norm in the space L' of the Lebesgue integrable functions AQJ enables one to interpret the space
of instantaneous states as an affine normed space.

The axioms of non-local hydrodynamics are then numbered as 40, A1, 42, . ...

AO0. A smooth closed form

0
Q =] FABQ. (2.1)

is defined in the space of the instantaneous states of the medium.
Generally speaking, the distributions P* = F(¢*) which occur in formula (2.1) are functionals which
depend on the instantaneous state of the medium. It is assumed that, at spatial infinity, the quantities
reduce to certain equilibrium values F§.

Lemma 1. A smooth functional H, the differential of which is identical to Q, is defined in the space
of the instantaneous states of the medium.

Proof. For a given instantaneous state QJ,(x"), we choose a smooth process P: Q% = Q4(¢, ¥%),0 =<t =<1such that
Clo =030, 59, Q= R

and we put

a
80 = S 041, xdt, H = HIQ 310} = | @
P
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The fact that A is independent of the choice the process follows from the fact that the form is closed.

Remark 1. The quantity H with the opposite sign is interpreted as the entropy of the system apart from a constant
term.

Definition 2. The second order form Q, = D’H is the second differential of the functional H [28].
A1l. In the case of an equilibrium instantaneous state, Q, is a positive definite form.
The following lemma arises from 41 and the implicit function theorem.

Lemma 2. In a certain neighbourhood of the equilibrium state, the distributions Q(+*) can be
expressed as functlonals of the dlstnbutlons F4 (J&')

Using the notation gA QA QAO, = FA Fo , we write out the corresponding dependence in the
form of a Taylor series

gaCe) = [ Nip(x® — )2 (xb
+ [ Mipe(x® - 20, x> - ) f P (xb)f (x;’)dx{'dxg+... 2.2)
We now define the matrix

Aaplk) =] exp(—ik,x*)A up(x*)dx®

According to A1, this matrix is Hermitian and positive definite

A=A">0 (2.3)
A2. The dynamics of the medium is determined by the system of equations
9,05 =5,(9, =9/3x%) (2.4)

where the hydrodynamic flows 0§ = Q4(x*) depend on the past history of the medium
i) = 04lxe, 0 (% < 0, x%] 2.5)

and the sources 54 = 54(x*) describe the action of external systems on the medium.

It is assumed that, at spatial infinity, the flows tend to the equilibrium values Q%,. Since, in the case
of equilibrium states, the set of equilibrium densities Q% is decisive, the quantities (% are functions
of

Suppose a certain smooth process P: QA = QA (=), -0 =< x° < 400, which starts and terminates with
an equilibrium state, is obtained as a result of the action of sources (2.4). Then, by (2.4), the following
equality holds

0=I Q=AI+A2
P

=] FAsdx®, A,=[9,FAQ4dx"

The following a priori constraint is imposed on the form of functional (2.4).

A3. The inequality A; < 0 holds.

Traditionally, functional (2.5) is subdivided into an equilibrium component Z° ; and a non-equilibrium
D?; component

QA(x®) = Z4(x?) + D) (2.6)
Zyx) = Zy[xe, G0, %)) @7
Diy(x® = Dy, Qxy < 2% x%) (2.8)

although, of course, the introduction of these components in the case of the given functional (2.5) does
not change the dynamical equations.

By definition, representation (2.6) must satisfy three conditions:

(a) for a process which starts out from and terminates at the same equilibrium state, the following
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relation holds
[ ,F*Zidx* =0 (2.9)
(b) if the equality

AL+ 50l =0 (2.10)

is satisfied in the case of certain constants ¢, ¢! then the following equality holds

&Dy =0 2.11)

(c) the component (2.8) identically vanishes for spatially constant Q9.

Nevertheless, the assumptions concerning the representation (2.6) which have been listed does not
enable one, in the case of a given functional (2.5), to determine the equilibrium flows Z% uniquely without
recourse to microscopic theory. It is simple to determine the flows Z% in the special case when an
additional condition is satisfied.

B. The quantities F*, Z% are determined by the values of the quantities Q§ at the same point.

In the latter case, the dependence of the quantities F4, Z% on the values of Qg is the same as the
dependence in the class of equilibrium states (that is, it is determined by ordinary equilibrium
thermodynamics).

Remark 2. Condition B is not an axiom. It can be violated in quantum and classical statistical mechanics. It is
always satisfied in Kinetic theory.

Using Lemma 2, we express the flows (2.7) and (2.8) in the form of functional series in powers of f*

Za(x*)= Qo +] 2dp(x® - xP)fB(x°, xf)dx?

P - x)x

+ | 2pcx® —xpx
x fROO,xb) B, xydxbaxt + ... (2.12)
Di(x*) =] dip(x" - x{)9.f 2 (x{ )dxf’ +
+ [ dige(x® —x,x® — x$)x
X 3. fAxI Al dxd + ... (2.13)
and define the matrices
Zig(ky) =] exp(-ik,x®)z35(x?)dx®
D(ke)=| expl—ik,x®)di(x)dx®
By (ky) = —koky D33 (ks )

Note that the kernels di5(x%), dgc(x5, £5), . . . vanish when x < 0 (causality) and hence, by
the Paley—Wiener theorem [29], the functions D‘ﬁ’g(ka), B p(k,) are holomorphic in the half plane
Imky<0.

Lemma 2. The following matrix relations hold

Zo =70+ (2.14)
B*+B=0 (2.15)

Proof. Substituting expressions (2.12) into (2.9), changing to the Fourier images, discarding terms of the second
order with respect to the functions f*(x* and using the arbitrariness in the choice of these functions, we obtain
equality (2.14). Then, using A3 (2.6), (2.9) and (2.13) and the arbitrariness in the choice of the functions f*(x*),
we derive inequality (2.15).

The matrix inequality (2.15) is the usual dissipation condition which arises in models with heredity
[25]. However, microscopic theories give a stronger condition.
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A4. The inequality
C2"Cy (D35 + Dfy =0 (2.16)

is satisfied in the case of the arbitrary complex quantities C5.

Additional constraints on the kernels (an analogue of the Onsager conditions) follow from micro-
reversibility. We shall assume that the equlhbrmm state at infinity is a state of rest. Suppose
that, accompanying time reversal, the quantities QY are multiplied by the numbers 4, g4 = *1.

AS. The following equalities hold

Aaslk) = £485Apa(=k,)
Zos(k,) = —€4€pZ pa(—k,) (2.17)
Dip (ko, k) = €485D 25k, k)

Remark 3. The axiom AS imposes constraints on the kernels in linear perturbation theory. It follows from general
considerations [30] that microreversibility implies constraints at all orders of perturbation theory. However, since
the non-linear part of functionals (2.2), (2.12) and (2.13) have not been sufficiently well studied in microscopic
theory at the present time, we shall confine ourselves here to a linear formulation.

3. HYDRODYNAMICS OF A MULTICOMPONENT MIXTURE

We shall now apply the mathematical scheme of Section 2 to the case of a multicomponent mixture
without chemical reactions. Suppose M is the number of components. We shall assume that i and j take
the values 1, . . . , M, corresponding to the number of components, and that I and J take the values 4,
5 ...,(M+ 3).Ifi and j and I and J are used in the same formula, their values are related by the
equalities/ =i + 3,7/ =j + 3. 4, B and C take the values 0, 1, . . ., (M + 3), corresponding to the laws
of conservation of energy, of the components of the momentum and the numbers of molecules of the
components in the mixture. We shall assume that a state of rest is realized at spatial infinity and that,
together w1th axioms A0-A44, condmon B is satisfied.

Hence, 03 is the energy density, Q0 is the density of the ath component of the momentum and

= QY is the molar densxty of the component of the mixture with number I.
The parameters F in formula (2.1) allow of the following physical interpretation

FO=_, Fa=pus, F' = By, (3.1)

where P is the inverse temperature, u® are the components of the velocity of the medium, p; = (g -
1/2muu®), wy is the chemical potential of the ith component of the stationary medium and m,; is the
molar mass of the ith component.

Now, in order to give a more traditional form to the hydrodynamic equations (2.6), it is necessary
to express the hydrodynamic 4-flows QF in terms of other quantities. We now introduce into consideration
the mass density p = Z; mn;, the mean mass velocity with components u® = p~'QY, the diffusion fluxes
with the components IS = (QF — nu®), the kinetic energy density of the medium K = 1/2pu‘u®, the internal
energy density of the medium U = QY — 1/2pu°u®, the stress tensor with the components p = (puu®
— %) (which is assumed to be symmetric) and the thermal flux vector with the components p® = (pu®u®
- 0% — (U + K)u®. We emphasize that the new definition of the velocity of the medium with components
u” matches the old definition (3.1) in the case of equilibrium states.

System (2.4) can now be rewritten as

30U +K)+3,(q" - pu’ +(U +Kw")=
3g(pu) +3,(-p™ +pu’u’) =3,
don; +9,(If +nu’)=s

We will now discuss the definition of the viscous stress tensor. In the case of equilibrium states, the
stress tensor reduces to the spherical tensor p"” = —p®. Hence, in the class of equilibrium states, the
pressure p can be expressed as a function of the internal energy U and the densities #;. Using this
functional relation, we extend the definition of pressure to non-equilibrium states. The components of
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the viscous stress tensor are then calculated using the formula
13b = pab 4 pBab

After the above transformations, in order to specify the material relations, it is sufficient to give
expressions for the dissipative flows ¢°, 1, I. The remaining terms in the expressions for the
hydrodynamic flows QO are the redesignated equilibrium states Z and are calculated in the class of
equilibrium distributions. From the results in Section 2, we obtain

¢“=D§, t*=-Df, I'=Df (3.2)
Note the identity of the form (2.10)

'_g mQf -0 =0
from which the equality
'_):fl m;Dj =0 (3.3)
of the form (2.11) follows.

We will now study in greater detail the algebraic structure of relations (3.2) in t*¢ linear approximation.
For an arbitrary function g = g(x*), we shall denote its Fourier image by the symbol gg(k,)

8r = 8r(ky) = [exp(~ikyx*)g(x* )dx*

Retaining the principal terms in relations (3.2) and changing to Fourier images, we obtain, taking
(2.13) into account

af =ik, Diaf7 (3.4)

% = -ik.Djfy (35)

I =ik, Dfg f# (3.6)
The equality

3 mDig =0 (37)

is obtained from (3.3) in the linear approximation.
We now assume the invariance of the theory with respect to the group of rotation O(3) which means
that the medium is isotropic. We then have

(r(@)D)aatko, gky)=Din(ko, ky) (3.8)

for any g € O(3). Here r are O(3) groups which have been introduced in the linear space @ of
quantities of the form D%z, In @, we now pick out the maximum set of linearly independent invariants
with respect to a subgroup which preserves the 3-vector k,: I" = [ 245 (k). These invariants are chosen
such that

(I35 (k)" = 133 (=) (3.9)
The most general representation, which is compatible with (3.8), then has the form
Dy =I3X, (3.10)

Here X,, = X,(k,) are scalar functions. In accordance with (3.9) and the reality of the Fourier prototypes
d%, these functions satisfy the condition

(Xp(ka)) = X, (~kg) (3.11)
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and they are therefore the Fourier images of certain real kernels Y, = Y,(x%): Y,z = X,,. Since the
functions X, are holomorphic with respect to the variable & in the lower complex half-plane, then, by
the Paley—Wlencr theorem [29], it follows that the functions Y,,(x*) vanish when x° < 0 (causality).
The algebraic structure the coefficients D,‘;B enables us to write out an expansnon of the form 3. 10)
which is invariant under the group of rotations. Here, the symmetry conditions D% = D%, D5 =
(consequences of the symmetry of the stress tensor) and the reciprocity conditions (2.17) should be
kept in mind. It is therefore sufficient to write out representation (3.10) for the following components

Dip =84 Xo +kkyX,

DgE =ik, By Xy + (k8 . +ik85) X, + ik kpk X,

D7 =B84 Xsy +kykyXsy

D2 =8,.8,4Xy + (8458, +848,)Xg +8  kyk X, +

+k kB g +kokyD oy + kS + k Ky ) Xy + Kk kg X
DY =(ik,By +ik,8p) X0 +ikyB e Xy 1y + ik Xy
Dif =84 Xy31 +kaks Xiayy

We now consider material relations (3.4)-(3.6) in the limit of small gradients, that is, in the linear
approximation with respect to the wave number k,

qf =ik, EofF +EsifF) (3.12)
5 =—BuEqikyff ~ EglikafP +iky fF) (3.13)
d =ik, (&5, 17 + &3 f7) (3.14)

Here &3, &g, £p, Esp, &137 are functions of the parameter ky which are identical to X5, Xg, Xy, X5, X137
when &, = 0. Relations (3.12)—(3.14) are spatially local material relations of linear hydrodynamics with
heredity. In the limit of slow processes (kg — 0), the functions &;, &g, &, Es;, £137 tend to the usual
transport coefficients for a multicomponent, viscous, heat-conducting gas.

On applying this procedure to equality (3.13), we obtain expressions for the bulk viscosity 1, and

the shear viscosity ng
2
My = ‘ﬂ(x7 *3 Xs)

By considering relation (3.12) when f’ = 0, we pick out a component which is proportional to the
temperature gradient and the thermal conductivity »

x= _Bzx°|k,,=o

o Ny =-BX|, _,

ko =0

Finally, from (3.14), it is possible to separate out the matrix of the coefficients which relates the
diffusion fluxes and the gradients of the chemical potentials

D; = 'anuLa,o

The fact that the transport coefficients are real follows from condition (3.11). Inequality (2.15) ensures
the non-negativeness of the coefficients 0y, ns, » and of the matrix D;;. The symmetry of the matrix D;
follows from reciprocity conditions (2.16). In accordance with (3.7)

i=l

Hence, in the limit of slow processes and long waves, non-local hydrodynamics is reduced to
hydrodynamics with classical transport laws.
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4. SIGNAL PROPAGATION

A well-known deficiency of models with classical transport laws is the infinite velocity of signal
propagation.

Starting from [31], attempts have been made to construct models of transport processes with a finite
signal velocity. Generalizing these attempts, we can say that dissipation and a finite signal velocity can
be successfully and consistently combined by introducing temporal non-locality in one form or another
into the theory [32-34). The case when, apart from the temporal non-locality, there is also a spatial
non-locality, has been considered previously in [35].

We will show how dissipation and a finite signal velocity are combined within the framework of the
axiomatics proposed in Section 2. Suppose v is a positive constant with the dimension of velocity.
We will describe a class of models in which the signal velocity does not exceed v. Here, we shall use
the theory in [36] which is based on the method of analytic expansion to complex values of the wave
4-vector k.

We shall assume that condition B is satisfied and also that the medium is stationary at spatial infinity.

Suppose s are small quantities, that is, the case of weak sources holds. According to (2.4), (2.2), (2.12)
and (2.13) the propagation of perturbations in the Fourier images is described by the equation

Afp=sg, A=ikgA+ik,Z° +B 4.1)
In particular, the dispersion equation for free waves has the form
detA=0 (4.2)

We will use the following notation
(a) T, is the cone of the future in space-time

Ti ={x0 = 0’ (xO)z Bu—Zxaxa)

(b) T, is a tube in the complex space of the wave 4-vectors k, = o, + iBg (0, B, are real)

T, ={Bo <0, (By)? >v ?p,B,)

We assume that the signal transmission velocity in the material relations does not exceed v (Condition
1). In formal language, this means that the kernel d%5(x*) vanishes outside the cone T. Then, according
to the well-known results in [36], the matrix B is holomorphic in 75, and it follows from this that the
matrix A is also holomorphic in 7>.

Next, we assume that inequality (2.15) still holds in the tube T, (Condition 2).

Finally, we assume that the inequality

AyBA = 1yAYPZL (4.3)

is satisfied for any set of complex numbers y* (Condition 3).
This assumption ensures that, when there is no dissipation (in the case of an ideal medium), the
propagation velocity of perturbations does not exceed v.
Suppose y” is an arbitrary non-zero set of complex numbers. By Condition 2 and relations (2.3) and
(2.4) the inequality
Re(y*'y?A45) = ~Boy*"y® A as ~By*y’ 235

is satisfied in the tube T,
It follows from this and from inequality (4.3) that, in the tube T,

Re(y*"y?Ax5)>0

and hence Eq. (4.2) cannot be satisfied at any single point of 7.
Suppose s4 is an instantaneous source of momentum

54 = a,8(x%)

a4 is a constant vector and s, = a4. We now find the solution of Eq. (4.1)

fp =A-lag
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It follows from the preceding results that this formula defines a vector function which is holomorphic
in the tube T),. Exponential singularities are possible on the boundary of the tube.
On carrying out an inverse Fourier transformation, we obtain the function f,,(x*), which is equal to zero
outside the cone T as was required.

Hence, the additional Conditions 1-3 imposed on the hydrodynamic model lead to a state of affairs
where the propagation velocity of small perturbations does not exceed v.

5. FUNCTIONAL FORM OF THE KERNELS

When constructing non-local hydrodynamic models in a phenomenological approach, it is necessary
to define model expressions for the kernels. For a sufficiently general approach, it is reasonable to use
expressions of the form

X = —[ 9o (T)dt(iky + @y (T)(iko + 9, (D)) +k k@5 (T) " (5.1)

for the scalar functions X,,, where 1 is a continuous parameter and @y(t), ©,(1), (1) are non-negative
functions. Expression (5.1) satisfies condition (3.11), it is invariant under the group of rotations and is
holomorphic when Im ky < 0 (causality). Moreover, the inequality Re X' < 0 is satisfied, which enables
one to satisfy requirement (2.16). Expression (5.1), depending on the choice of the functions ¢g(t), @,(7),
@,(t) (including the case of gy(t) in the form of a sum of 3-functions), covers the majority of models
and exact theoretical expressions for hydrodynamic kernels.

6. CONCLUSION

The axiomatic scheme of phenomenological hydrodynamics which has been proposed is intended
for describing rapidly occurring processes or short waves in the bulk of a liquid or a gas. The theory
can be generalized by taking account of the boundary conditions. Additional non-local terms, describing
the effect of the boundaries, and then introduced into the material relations. Non-local hydrodynamics
is reduced to classical hydrodynamics in the limit of slow processes and long waves and, therefore, non-
local hydrodynamics formally encompasses all domains of application of classical hydrodynamics.
However, non-local effects, in fact, really manifest themselves when classical hydrodynamics are no longer
applicable, such as in problems of the propagation of ultrasound.
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